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1.Part 1 - Math GPT

1.1. Dataset design and rationale

At first the dataset contains only single-digit addition and subtraction. Each line is a simple expression of the
format:
“A<operation>B=C”

where A and B are single-digit integers and the operation is either ‘+’ or ‘—’. All expressions follow a strict and
uniform format, with no spaces and exactly one expression per line, which keeps tokenisation simple and
consistent. This dataset was used as a starting point to verify that a model could reliably learn basic arithmetic.
Training on this simplified data allowed me to experiment with and tune hyperparameters such as model size,
learning rate, and number of training steps. Once the model was able to achieve very high expression-level
accuracy on addition and subtraction, it provided confidence that the model architecture and training setup were
working correctly. After the model learned addition and subtraction, the dataset was extended to include
multiplication and division while keeping the same format. The final dataset contains all four operations (+, —,
* /) with operands in the range 0 - 99. Subtraction allows negative results, and division uses integer truncation,
often producing zero when the divisor exceeds the dividend. To prevent bias, exactly 5,000 examples were
generated per operation, and all expressions were shuffled before the training—validation split to avoid ordering
effects.

Train/validation split

All non-empty lines were loaded and shuffled with a fixed random seed to ensure reproducibility. The shuffled
lines were then split into 80% training (train_lines) and 20% validation (val_lines). This prevents biases from
file ordering, such as a validation set dominated by division examples.

After splitting, train_text and val_text were created by joining the lines with newlines. A character-level vocabulary
was built from the combined text, including digits, operators, =, -, and newline.

Finally, train data and val data were generated as integer tensors using a character-to-index mapping (stoi).
Shuffling before splitting ensures both training and validation sets have a balanced mix of operands and operations.

1.2. Evaluation metrics

Two main metrics are used: cross-entropy and expression-level accuracy, with additional per-operation accuracies
for the full arithmetic dataset.
Cross-entropy loss
The model is trained with the usual next-character cross-entropy loss:
- Given input indices "idx' and targets 'targets', the model outputs logits of shape.
- These are reshaped to and compared to flattened targets via 'F.cross_entropy'.

On the datasets at all times, training and validation cross-entropy are logged for every ‘eval interval’ step.

step @: train loss 2.8460, val loss 2.8449
step 500: train loss 1.6284, val loss 1.6330
step 1000: train loss 1.5013, val loss 1.5078

step 1500: train loss 1.4144, val loss 1.4229
step 2000: train loss 1.3497, val loss 1.3672
step 2500: train loss 1.2807, val loss 1.2996

Fig-01: Training Iterations of a model

This metric is useful to monitor optimization progress and detect overfitting: for example, on math data the
validation loss decreases from ~2.8 at step 0 to =1.2 around step 2000-2500, then starts to increase as the model
overfits. However, cross-entropy is not ideal as the primary task metric, because a low loss does not
guarantee that the final numeric result 'c' is correct.

Expression-level accuracy

The main task metric is the fraction of expressions for which the model outputs the correct integer result.The
evaluation procedure is:
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1. Split the line into ‘expr’ and ‘truth’ around ‘=’.
2. Construct a prefix 'lhs = expr.strip() + "=" (e.g. "12+7=").
3. Encode lhs and ask the model to generate a few additional characters (typically <5) using the same 'generate'
function used for free sampling.
4. Decode the full string and extract the substring after
5. Parse the leading integer (allowing an optional leading '-'). If parsing fails, the prediction is treated as empty.

—n

If the parsed integer matches the ground-truth 'truth', that expression is counted as correct. The expression-level
accuracy is then:

Accuracy = (no. of correct expressions) / (no. of evaluated expressions)

This metric directly captures whether the model is actually doing arithmetic, and is the main metric reported in the
results. Each subset of validation lines is passed to evaluate math function, yielding accuracies for addition,
subtraction, multiplication and division separately. This allows a detailed analysis of which operations are learned
correctly and which remain difficult.

1.3. Model architecture and adaptations

For understanding the impact of the parameters I trained the model with different configurations on the same
dataset.

Config Params (M) batch size max iters block size n embd n_head n layer Dropout

1 6.33704 64 3500 64 256 8 8 0.2
2 1.193744 64 5000 64 128 6 6 0.1
3 4.759056 64 2500 64 256 4 6 0.1

Table-01:Architecture and training hyperparameters for Math GPT configurations, summarizing depth, width,
context length, and training budget for reproducibility. Models are listed from best-performing (top) to
lowest-performing (bottom).

The starting point is the minimal GPT implementation used in class. The math GPT keeps this overall structure:
- Token embedding: mapping each character to a dense vector of size 'n_embd'.
- Positional embedding: added to the token embeddings to encode positions up to 'block size' characters.
- Transformer blocks: a stack of ‘n_layer’ identical blocks, each with:
- Multi-head self-attention (with 'n_head' heads and per-head size 'n_embd // n_head").
- A feed-forward network 'Linear(n_embd, 4*n_embd) to ReLU to Linear(4*n_embd, n_embd)’.
- Layernorm and residual connections around both attention and feed-forward sublayers.
- Output layer: final 'LayerNorm' and linear projection to logits over the vocabulary.

The chosen parameters (8 heads, 8 layers, and 256-dimensional embeddings) balance model capacity and
computational efficiency. Increasing the number of layers and heads allows the model to capture more complex
dependencies in arithmetic expressions, while a moderate embedding size ensures sufficient representational power
without excessive overfitting or training cost.

1.4. Operation-wise evaluation and failure analysis

On the simple dataset, with only addition and subtraction the best 4.7M-parameter model achieves ~0.849
validation expression-level accuracy. Generated samples include:

- '1+5=6'

- '8+7=15'

- '24+0=2'

-'6-6=0'

- '4-6=-2'
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which are all correct on the underlying distribution. Errors mainly occur on less frequent patterns or when the
model generates extra digits beyond the correct answer.

Because at this stage the dataset contained only addition and subtraction with single-digit operands, it shows that
the architecture can learn basic arithmetic compositions reliably. It also provides a calibration for later: if the same

model struggles on multiplication or division, the limitation is in the task complexity rather than in the basic
architecture.

On the full dataset, the 6.3M-parameter configuration achieves ~0.75 validation expression-level accuracy at its
best checkpoint. Sample generations include:

- Additions: '60+19=89', '1+5=6', which are correct.

- Subtractions: '1-82=-81", '0-5=-5', which are also correct.

- Multiplications: '7¥9=63', '1*3=3', '20*17=240', which are correct in many cases.

- Divisions: '6/7=0', '71/65=1", '41/90=0', which are correct truncated quotients; occasionally the model outputs
dubious examples such as '30/0=3" where the divisor is zero and the result is mathematically undefined.

Per-operation accuracies (computed with 'is_add', 'is_sub', 'is mul', 'is_div') show a consistent pattern:

- Addition has the highest accuracy; the model is close to its performance on the simple dataset, reflecting
that addition dominates the clean structure the model has already learned.
- Subtraction is slightly worse, especially when the result is negative; some generated examples drop the
minus sign or mis-compute near boundaries.
- Multiplication is significantly harder: the number of possible products grows quickly with operand range, and the
model sometimes confuses products with addition-like patterns (e.g. producing '7*8=54" instead of 56 in some
runs).
- Division is the hardest: many examples involve results 0 or 1, and the model must implicitly learn integer
truncation; it sometimes mis-handles edge cases or generates spurious digits.

Config Best val CE  Val add (+) acc Val sub (—) acc  Val mul (*) acc Val div (/) acc Val math ace
1 ~1.29 0.855 0.710 0.542 0.904 0.756
2 ~1.29 0.858 0.784 0.508 0.883 0.767
3 ~1.30 0.854 0.728 0.555 0.876 0.756

Table-02:Math GPT validation accuracies on arithmetic subsets (addition, subtraction, multiplication, and
division), where the largest model (Config 1) attains the best overall math accuracy. Models are listed from
best-performing (top) to lowest-performing (bottom).

Math GPT - Config 1 (6.34M params)

Cross-entropy loss
Popoe NN
o+ [=1] (=] [=] %)
1 1 1 1 1

=
]
1

L 4
\
\
\

\

-

—+- Train loss
#— Val loss

nhﬁhi —
‘h--'-—'#--___ L L
--*.._____:F____- "{

T T
500 1000

T T
1500 2000
Training step

T T
2500 3000

Fig-02: Math GPT Training Loss Vs Validation Loss
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These findings support a clear conclusion:

- A GPT-style transformer trained at the character level can learn simple single-digit addition and subtraction very
well.

- The same architecture, scaled up to ~6M parameters and trained on a balanced dataset with +, —, * and / over
0-99, still struggles to fully master multiplication and division under the given training budget.

- The gap between addition/subtraction and multiplication/division is visible both in quantitative per-operation
accuracies and in qualitative failure cases, satisfying the requirement for an “insightful failure analysis”. The
accuracy severely drops in the case of multiplication and that is because of the complex patterns it forms and the
best way to tackle it in my opinion is to provide the model more simple multiplication patterns to start with and
then increase the complexity.

Overall, the experiments demonstrate a systematic progression from simple to complex datasets, careful definition
of metrics, and a clear analysis of how architectural choices and task difficulty affect performance on symbolic
arithmetic.

2.Part 2 - Boolean GPT
2.1.Dataset Creation

For this I made a boolean logic dataset by making a python script to cover key logical operators and structural
patterns.

Expression types

The dataset includes simple binary expressions of the form A OP B = C, where A, B, and C € {True, False} and
OP = {AND, OR, XOR, NOT, NOR, NAND}. It also includes unary expressions using NOT, written as NOT A =
result. In addition, the dataset contains nested expressions with parentheses, such as (A OPI B) OP2 C = result,
where OP1 and OP2 € {AND, OR, XOR}.

Generation and labels

Boolean values are sampled with rand bool() and converted to strings by bool to str (True/False).For binary
operations, the ground-truth value is computed using apply binary (custom logic for AND, OR, XOR); for unary
NOT, Python's not is applied. The expression and its truth value are joined into a single line, e.g. "True AND False
= False\n", ensuring labels are consistent with the expressions.

Dataset size and split

The generator writes N = 20000 expressions into the boolean dataset, mixing simple, NOT, and nested expressions.
In the training script, all lines are read and split into train and validation. For the Boolean dataset, a 90 - 10 split
was used to maximise the amount of training data on a relatively smaller corpus while still leaving enough
examples to compute reliable per-class validation accuracies.

For language-model training, train_lines and val lines are concatenated into train_text and val_text, which are then
encoded at the character level into train_data and val data tensors.

This design provides a balanced, fully labelled dataset over the Boolean vocabulary, including both flat and nested
expressions, which is appropriate for learning Boolean logic behaviour.

2.2. Evaluation metrics

The Boolean GPT model was evaluated using token-level cross-entropy loss and expression-level Boolean
accuracy, with additional per-class accuracy by operator and expression structure. Cross-entropy measures the
model’s ability to predict the next character in an expression, computed over both training and validation sets at
regular intervals to form loss curves that track convergence and learning stability.

Expression-level Boolean accuracy evaluates whether the model correctly predicts the result of complete Boolean
expressions. Given a prefix like "True AND False = ", the model generates the remaining characters, and the
predicted result is compared to the ground-truth value. Accuracy is calculated as the proportion of expressions
correctly evaluated, providing a high-level measure of logical correctness.

To further analyze performance, validation expressions are grouped by operator and structure, including
AND/OR-only, expressions with NOT, XOR, NAND/NOR, and nested expressions with parentheses. Each subset
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is evaluated separately, reporting accuracy for each category. Together, these metrics give a clear picture of both the
model’s low-level token prediction ability and its high-level reasoning over Boolean logic.

Config Overall AND/OR NOT valacc  Parentheses = XORvalacc NAND/N With NAND val With NOR val
Boolean acc val ace val ace OR- only acc acc
val acc
1 0.999 0.998 1.000 0.997 0.995 1.000 1.000 1.000
2 0.923 0.971 0.987 0.777 0.825 0.977 0.883 0.842
3 0.629 0.498 0.921 0.493 0.499 0.502 0.534 0.467

Table-03:Boolean GPT validation accuracies for all configurations across operator subsets (AND/OR only, NOT,
XOR, and parentheses), showing that the largest model (Config 1) consistently achieves the highest accuracy.
Models are listed from best-performing (top) to lowest-performing (bottom).

2.3. Architecture

All configurations were trained on the same Boolean dataset with the same training schedule (max_iters,
eval interval, learning rate) and next-character cross-entropy loss, so differences in performance can be attributed
to architectural choices rather than optimisation settings. The smallest model already achieved high accuracy on
simple AND/OR and NOT expressions, but showed noticeably lower performance on more complex subsets
involving nested parentheses, XOR, and combinations with NAND/NOR, indicating that very small embeddings
and shallow depth limit the capacity to capture more intricate compositional structure. In contrast, a medium-sized
model (64-dim embeddings, 3 layers, 3 heads) reached near-perfect Boolean accuracy across all operator classes
while keeping the parameter count and training time moderate, and increasing capacity further to the
largest 6-layer, 124-dim model brought only marginal improvements on this dataset.

The context length was varied by changing block size from 128 down to 64 and 32, with a learned positional
embedding of shape (block size, n_embd) added to token embeddings so the transformer can distinguish positions
within each expression. Because expressions in the dataset are short (at most a few operands and operators plus the
= True/False result), even block size = 32 comfortably covers the entire sequence, and experiments showed that
reducing the context from 128 to 32 did not degrade Boolean accuracy while reducing memory usage and
computation. Overall, these results support the conclusion that, for this Boolean reasoning task, a character-level
transformer with a small context window and medium capacity provides the best trade-off between simplicity,
efficiency, and accuracy, whereas more aggressive scaling in depth, width, or sequence length yields little
additional benefit.

Hyperparameter configurations were defined to explore different model capacities:

Config  Params (M) block_size n_embd n_head n_layer Dropout Overall
Boolean acc

1 1.123459 128 124 6 6 0.2 0.999
2 0.155283 64 64 3 3 0.2 0.923
3 0.007635 32 16 2 2 0.1 0.629

Table-04:Parameter counts and hyperparameters for Boolean GPT configurations, highlighting the trade-off
between model size, context length, and performance. Models are listed from best-performing (top) to
lowest-performing (bottom,).

2.4. Operations and Equations

The final step was to analyse which Boolean operations and structures the model learns reliably, and where errors
remain, using both quantitative metrics and qualitative examples.
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Quantitatively, overall expression-level accuracy on train and validation is computed with
evaluate boolean accuracy, and per-class accuracies are obtained by filtering validation lines with predicates like
is_and or_only, has_not, has parentheses, and has_xor, then calling evaluate subset on each subset. The results
show that AND/OR-only expressions and those involving NOT are learned almost perfectly, with validation
accuracy close to 100%, while expressions with parentheses (single-level nesting) also reach high but slightly lower
accuracy, revealing the first signs of difficulty on more complex compositions. XOR expressions consistently have
the lowest accuracy among the operator classes, especially for smaller models, indicating that the model sometimes
treats XOR in an OR-like way on rarer patterns. Overall, these per-class results suggest that basic operations (AND,

OR, NOT) and simple nested structures are mastered, whereas XOR and some nested combinations remain the
most challenging cases.

Qualitative examples of success and failure
Using predict_bool, several representative examples can be examined:

(True OR True) XOR False = True
False AND False = False

True OR False = True

(False NOR True) AND True = False

NOT False = True
(False OR False) NAND True = True
NOT False = True
NOT True = False
(True AND True) NAND False = True

Fig-03: Boolean GPT sample outputs

For some expressions like "(True XOR True) AND False = ", the model may occasionally generate a result
inconsistent with the true evaluation (False), especially with smaller models.

Rare or ambiguous outputs:

In a few cases, the generated continuation after = does not start with "True" or "False", causing predict bool to
return "" and the example to be discarded during accuracy computation. These failures suggest that the model
sometimes drifts into non-Boolean text, particularly if the context is unusual or the model is over- or under-trained.

Interpretation

The model reliably generalises the semantics of AND, OR, and NOT across both training and validation data, as
shown by near-perfect accuracy on these subsets.

Single-level nested expressions involving parentheses are also learned well, although this structure is inherently
more complex and performance is slightly more sensitive to model capacity.

XOR, especially when combined with parentheses, is the most challenging operator: its truth table is less intuitive
than AND/OR, and it appears less frequently in the dataset, leading to a somewhat higher error rate.

Boolean GPT - Config 1 (1.12M params)
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Fig-04: Boolean GPT Training Loss Vs Validation Loss

Overall, the transformer architecture is able to learn Boolean logic over the generated dataset to a high degree of
accuracy, with remaining errors concentrated in the most complex and least frequent operation patterns.
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3.Part 3 - Discussion

Math GPT and Boolean GPT share a common transformer backbone, but the tasks place very different demands on
that architecture. For Boolean reasoning, a relatively small model with moderate depth and heads, standard ReLU
activations, character-level tokenisation, cross-entropy loss, and simple dropout regularisation was already
sufficient to achieve near-saturated performance, because the vocabulary is small and the space of valid
patterns is comparatively limited. In contrast, Math GPT needed much larger embeddings and significantly more
parameters to cope with the richer variety of digit sequences and operations, even though the nominal
architecture (layers, heads, residual connections, cross-entropy objective) remained the same.

This contrast highlights which architectural elements were broadly appropriate for both tasks and which required
adaptation. Depth, multi-head attention, and the basic transformer block design worked well for symbolic
sequence processing in both cases: stacking several layers allowed the models to integrate information across an
expression, and the same cost function (token-level cross-entropy) was adequate as a training signal for both
Boolean outputs and numeric strings. However, embedding size and total capacity were clearly taskdependent:
Boolean GPT could remain compact while still generalising well, whereas Math GPT needed larger representations
to approximate multi-step arithmetic algorithms. Likewise, tokenisation and input/output design were not
interchangeable: digit-level tokenisation was crucial for arithmetic, while character-level encoding of logical
symbols was enough for Boolean formulae.

Training dynamics also differed. It was noticeably easier to train a strong model on the Boolean task, because the
smaller vocabulary and simpler pattern space meant the model could quickly learn operator semantics and
precedence and then generalise across similar expressions. By contrast, Math GPT faced a larger and more varied
distribution of expressions, making optimisation slower and leaving higher residual loss even after substantial
training. Experimentally, attempts to simplify pattern recognition via word-level tokenisation (e.g. treating whole
tokens like “True”, “False”, or multi-digit numbers as units) did not help and in practice failed: the model struggled
more to capture fine-grained structure, especially in arithmetic where digit-level dependencies (carries, borrows)
are essential.

These observations tie directly to the nature of the tasks and to the fundamental limitations of this architecture. The
models do not actually “use logic” or execute arithmetic algorithms; instead, they learn statistical regularities over
symbol sequences and output what is likely given the training distribution. This pattern-matching behaviour is often
enough for in-distribution Boolean expressions and many arithmetic examples, but it exposes clear limitations:
Boolean GPT can fail on rare operator combinations or deeply nested parentheses, and Math GPT can produce
off-by-one errors, incorrect carries/borrows, or brittle behaviour on longer or less typical expressions. These
failures are not bugs in a symbolic engine; they are a direct consequence of asking a pattern recogniser to emulate
precise reasoning.

Although both models achieve strong in-distribution performance, their architecture limits algorithmic
generalisation. The Math GPT, in particular, learns pattern-based computation rather than true arithmetic reasoning,
leading to errors on longer or unseen expressions. This highlights a fundamental challenge in using small
transformer models for symbolic or rule-based tasks — they infer statistical regularities rather than explicitly
executing learned algorithms.

Model Best Configuration Key Metric Main Failure Mode
(Val Accuracy)
Math GPT 8 layers, 8 heads, 256-dim 0.754 Struggles with multi-digit multiplication

embedding and generalising unseen numeric patterns
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Boolean 6 layers, 6 heads, 124-dim 0.999 Minor inconsistencies in rare XOR/NAND
GPT embedding combinations

Table-05: Model architecture details for the evaluated GPT configurations.

Regularisation and training tricks can mitigate some issues but do not fundamentally change this. Similar dropout
settings worked for both tasks, helping prevent overfitting, yet arithmetic still showed more residual error because
the underlying algorithmic complexity is higher. Increasing model size improved Math GPT’s accuracy but at a
clear computational cost, and simply scaling up does not guarantee robust generalisation to harder or
out-of-distribution problems. Likewise, small architectural tweaks alone (without rethinking tokenisation or
supervision) offered diminishing returns.

Given these limitations, more creative strategies become important. One promising direction is to let the model
identify the type of task it is facing and then trigger an external, specialised procedure: for example, a learned
front-end that recognises a Boolean or arithmetic query and then calls a symbolic logic solver or a numeric
calculator to perform the actual reasoning. In this hybrid view, the transformer focuses on understanding and
formatting the problem, while a separate script or tool executes the precise computation. Another direction is to
integrate more explicit intermediate supervision (e.g. step-by-step reasoning traces) or structured modules that
better reflect the underlying algorithms, rather than relying purely on end-to-end token prediction. Together, these
reflections show that while a shared transformer architecture can be pushed quite far on both Boolean and
arithmetic tasks, its strengths and shortcomings differ across them, and fully reliable reasoning likely requires going
beyond “minor changes” to the provided model towards architectures and training setups that explicitly
acknowledge the structure of the tasks.
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APPENDIX

Prompt output pairs:

Config 1 Math GPT:

M parameters

step 0: train loss , val loss

step : train loss , val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss

Eval steps: [9, 7
Train CE losses: [
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Val CE losses: [

]

Sample generated text:

Per-op VAL accuracies:
Val add (+): n= , acc=
Val sub (-): n= , acc=
Val mul (*): n= , acc=
Val div (/): n=988, acc=
Val math accuracy:

Config 2 Math GPT:

M parameters
step 0: train loss , val loss
step : train loss , val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
Eval steps:
Train CE losses: [

B
)
I
)

I

Val CE losses: [

B

Sample generated text:

+
/A=
/
Per-op VAL accuracies:
Val add (+): n= , acc=
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Val sub (-): n= , acc=
vVal mul (*): n= , acc=
Val div (/): n=988, acc=
Val math accuracy:

Config 3 Math GPT:

M parameters
step 9: train loss , val loss
step : train loss , val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss
Eval steps: [9, 7

3

)

]
Val CE losses: [

)

B

Sample generated text:

Per-op VAL accuracies:
Val add (+): n= , acc=
Val sub (-): n= , acc=
Val mul (*): n= , acc=
Val div (/): n=988, acc=
Val math accuracy:

Config 1 Boolean GPT :

M parameters
step 9: train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss

Eval steps: [9,
Train CE losses:
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Val CE losses: [

(True OR True) XOR False = True
False AND False = False

True OR False = True

(False NOR True) AND True = False
NOT False = True

(False OR False) NAND True = True
NOT False = True

NOT True = False

(True AND True) NAND False = True
NOT True = False

NOT True = False

(False OR False) XOR True = True
NOT True = False

False XOR True = True

(False AND True) AND True = False
(True XOR False) NAND False = True
(True NOR True) AND False = False
NOT False = True

False NOR True = False

NOT True = False

NOT

Per-class VAL accuracies:

Val AND/OR only: n= , accuracy=

Val with NOT: n= , accuracys=

Val with parentheses: n= , accuracy=
Val with XOR: n= , accuracys=

Val NAND/NOR only: n=306, accuracy=
Val with NAND: n= , accuracy=

Val with NOR: n= , accuracy=

Boolean accuracy:

Config 2 Boolean GPT :

M parameters
step 0: train loss val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss , val loss

Eval steps: [9, ,
Train CE losses: [

Val CE losses: [

True AND True = True

(True OR True) NAND True = False
True NAND True = False

(False NAND True) OR False = True
(False NAND False) OR False = True
(True AND True) AND True = False
NOT True = False

NOT False = True
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True NOR True = False

NOT True = False

NOT False = True

(False AND False) NOR False
NOT False = True

True NOR True = False
(False AND False) NAND True
NOT True = False

T True NOR True = False
True AND False = False

True OR True = True

NOT False = False

NOT False = True

NO

Per-class VAL accuracies:

Val AND/OR only: n= , accuracy=

Val with NOT: n=610, accuracy=

Val with parentheses: n= , accuracy=
Val with XOR: n= , accuracy=

Val NAND/NOR only: n= , accuracy=
Val with NAND: n= , accuracy=

Val with NOR: n= , accuracy=

Boolean accuracy:

Config 3 Boolean GPT:

M parameters
step 0: train loss , val loss
step : train loss , val loss
step : train loss , val loss
step : train loss val loss
step : train loss val loss
step : train loss val loss

Eval steps: [9, ,
Train CE losses: [

I

Val CE losses: [

True AND True = True

NOT True = False

True XOR False = False

(False NAND False) XOR False = True
True NOR True = True

(True OR True = False

(True NOR False) AND False = True
True NAND True = False

(True NOR True) NXOR True = False
NOT True = True

False AND False) AND True = TrueDrue
(False NOR False) XOR False = True
False AND True = False

NOT True = True

NOT True = False

(True AND True) X AND False

False NAND False = True

False NAND True = False

(True NAND True) XOR False = False
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True A

Per-class VAL accuracies:

Val AND/OR only: n= , accuracy=

Val with NOT: n= , accuracy=

Val with parentheses: n= , accuracy=
Val with XOR: n= , accuracy=

Val NAND/NOR only: n=306, accuracy=
Val with NAND: n= , accuracy=

Val with NOR: n= , accuracy=

Boolean accuracy:

math_gpt.py

import torch

import torch.nn as nn

from torch.nn import functional as F
import random

batch_size =
max_iters =
eval interval
learning_rate
device = 'cuda' if torch.cuda.is_available() else 'mps'
eval_iters =
n_embd =
n_head =
n_layer =
dropout =
block_size =
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torch.manual_seed(
random. seed( )

with open(
"math_simple.txt",
IIPII)
encoding="utf-8",
) as f:
lines = [1n.strip() for 1n in f.readlines() if ln.strip()]

random.shuffle(lines)

random.shuffle(lines)

full text = "\n".join(lines)

chars = sorted(list(set(full text)))
vocab_size = len(chars)

stoi = {ch: i for i, ch in enumerate(chars)}
itos = {i: ch for i, ch in enumerate(chars)}

encode = lambda s: [stoi[c] for c in s]
decode = lambda 1: "".join([itos[i] for i in 1])

n_lines = int( * len(lines))
train_lines = lines[:n_lines]

val lines = lines[n_lines:]

train_text "\n".join(train_lines)
val_ text "\n".join(val_lines)

train_data = torch.tensor(encode(train_text), dtype=torch.long)

val data torch.tensor(encode(val_text), dtype=torch.long)

def get batch(split: str):
data_split = train_data if split == "train" else val_data
ix = torch.randint(len(data_split) - block size, (batch_size,))
x = torch.stack([data_split[i : i + block size] for i in ix])
y = torch.stack([data_split[i + : 1 + block _size + 1] for i in ix])
X, y = x.to(device), y.to(device)
return x, y

@torch.no_grad()
def estimate_loss():
out = {}
model.eval()
for split in ["train", "val"]:
losses = torch.zeros(eval _iters)
for k in range(eval_iters):
X, Y = get_batch(split)
logits, loss = model(X, Y)
losses[k] = loss.item()
out[split] = losses.mean()
model.train()
return out

class Head(nn.Module):
"""One head of self-attention"""

def __init__ (self, head_size):
super().__init_ ()
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self.key = nn.Linear(n_embd, head size, bias=False)

self.query = nn.Linear(n_embd, head size, bias=False)

self.value = nn.Linear(n_embd, head_size, bias=False)
self.register_buffer("tril", torch.tril(torch.ones(block_size, block_size)))
self.dropout = nn.Dropout(dropout)

forward(self, x):
B, T, C = x.shape
self.key(x)
self.query(x)
= q @ k.transpose(-2, ) * k.shape[-1] **
wei.masked fill(self.tril[:T, :T] == 0, float("-inf"))
F.softmax(wei, dim=-1)
i = self.dropout(wei)
self.value(x)
out = wei @ v
return out

class MultiHeadAttention(nn.Module):
"""Multiple heads of self-attention in parallel"""

def _init_ (self, num_heads, head_size):
super().__init_ ()
self.heads = nn.ModulelList([Head(head size) for _ in range(num_heads)])
self.proj = nn.Linear(head_size * num_heads, n_embd)
self.dropout = nn.Dropout(dropout)

forward(self, x):

out = torch.cat([h(x) for h in self.heads], dim=-1)
out = self.dropout(self.proj(out))

return out

class FeedFoward(nn.Module):
"""A simple linear layer followed by a non-linearity"""
def _init_ (self, n_embd):
super().__init_ ()
self.net = nn.Sequential(
nn.Linear(n_embd, 4 * n_embd),
nn.ReLU(),
nn.Linear(4 * n_embd, n_embd),
nn.Dropout (dropout),

)

def forward(self, x):
return self.net(x)

class Block(nn.Module):

"""Transformer block: communication followed by computation"""
def __init_ (self, n_embd, n_head):

super().__init_ ()

head_size = n_embd // n_head

self.sa = MultiHeadAttention(n_head, head_size)

self.ffwd = FeedFoward(n_embd)

self.1lnl = nn.LayerNorm(n_embd)

self.1n2 = nn.LayerNorm(n_embd)

forward(self, x):
X = X + self.sa(self.1lnl(x))
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X = X + self.ffwd(self.1ln2(x))
return Xx

class GPTLanguageModel(nn.Module):
def __init__ (self):
super().__init_ ()
self.token_embedding table = nn.Embedding(vocab_size, n_embd)
self.position_embedding table = nn.Embedding(block_size, n_embd)
self.blocks = nn.Sequential(
*[Block(n_embd, n_head=n_head) for _ in range(n_layer)]
)

self.1n_f = nn.LayerNorm(n_embd)
self.1lm_head = nn.Linear(n_embd, vocab_size)
self.apply(self. init weights)

_init_weights(self, module):
if isinstance(module, nn.Linear):
torch.nn.init.normal_ (module.weight, mean= , std=
if module.bias is not None:
torch.nn.init.zeros_(module.bias)
elif isinstance(module, nn.Embedding):
torch.nn.init.normal_(module.weight, mean= , std=

forward(self, idx, targets=None):
B, T = idx.shape
tok_emb = self.token_embedding_table(idx)
pos_emb = self.position_embedding table(torch.arange(T, device=device))
x = tok_emb + pos_emb
x = self.blocks(x)
= self.1ln_f(x)
logits = self.lm_head(x)

if targets is None:
return logits, None

B, T, C = logits.shape

logits = logits.view(B * T, C)

targets = targets.view(B * T)

loss = F.cross_entropy(logits, targets)
return logits, loss

generate(self, idx, max_new_tokens):

for _ in range(max_new_tokens):
idx_cond = idx[:, -block size:]
logits, _ = self(idx_cond)
logits = logits[:, s o]
probs = F.softmax(logits, dim=-1)
idx_next = torch.multinomial(probs, num_samples=1)
idx = torch.cat((idx, idx_next), dim=1)
return idx

model = GPTLanguageModel()
m = model.to(device)

print(sum(p.numel() for p in m.parameters()) / > "M parameters")

optimizer = torch.optim.AdamW(model.parameters(), lr=learning_rate)
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train_loss_curve =
val loss_curve = []
eval steps = []

best val = float("inf")

for iter in range(max_iters):

if iter % eval_interval == 0 or iter == max_iters -
losses = estimate_loss()
train_loss = losses["train"].item()
val loss = losses["val"].item()
train_loss_curve.append(train_loss)
val loss_curve.append(val_loss)
eval steps.append(iter)
print(f"step {iter}: train loss {train_loss:.4f}, val loss {val loss:

if losses["val"] < best_val:
best _val = losses["val"]
torch.save(model.state _dict(), "model weights partl.pth")

xb, yb = get_batch("train")

logits, loss = model(xb, yb)
optimizer.zero_grad(set_to_none=True)
loss.backward()

optimizer.step()

print("\nEval steps:", eval_steps)
print("Train CE losses:", train_loss_curve)
print("Val CE losses:", val loss_curve)

best_state = torch.load("model _weights partl.pth", map_location=device)
model.load _state_dict(best_state)
m = model.to(device)

print("Sample generated text:")

context = torch.zeros((1, 1), dtype=torch.long, device=device)
sample = decode(m.generate(context, max_new_tokens=100)[0].tolist())
print(sample)

def complete(expr_prefix: str, max_new_tokens: int = 5):
idx = torch.tensor([encode(expr_prefix)], dtype=torch.long, device=device)
out = m.generate(idx, max_new_tokens=max_new_tokens)[©].tolist()
return decode(out)

def evaluate_math_accuracy(lines, max_samples: int = None) -> float:
total =
correct =
for line in lines:
line = line.strip()

if not line or not in line:
continue

expr, truth = line.split("=", 1)

lhs = expr.strip() + "="

truth = truth.strip()

pred = predict_result(lhs)

if pred == "":
continue

total +=
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if pred == truth:
correct +=
if max_samples is not None and total >= max_samples:
break
return if total == else correct / total

@torch.no_grad()
def predict result(lhs: str, max_new_tokens: int = 5) -> str:
lhs: expression prefix including '=', e.g. '12+7='
returns: predicted integer result as string (e.g. '19'), or '' if unclear
model.eval()
idx = torch.tensor([encode(lhs)], dtype=torch.long, device=device)
out = m.generate(idx, max_new_tokens=max_new_tokens)[0].tolist()
full = decode(out)

if "=" in full:

ans_part = full.split("=", 1)[1]
else:

ans_part = full[len(lhs):]
ans_part = ans_part.strip()

nn

res =
for ch in ans_part:
if ch.isdigit() or (ch == "-" and not res):
res += ch
else:
break
return res

def filter_lines(lines, predicate):
return [1n for 1n in lines if predicate(ln)]

def evaluate_subset(name, lines_subset, max_samples=None):
acc = evaluate_math_accuracy(lines_subset, max_samples=max_samples)
print(f"{name}: n={len(lines_subset)}, acc={acc:.3f}")

def is_add(line: str) -> bool:

w,on

return "+" in line and "*" not in line and "/" not in line and "-" not in line

def is sub(line: str) -> bool:

uwon n,on

return "-" in line and "*" not in line and "/" not in line and "+" not in line

def is _mul(line: str) -> bool:
return "*" in line

def is_div(line: str)
return "/" in line

val add = filter_lines(val_lines, is_add)
val sub = filter_lines(val_lines, is_sub)
val mul = filter_lines(val lines, is mul)
val_div = filter_lines(val_lines, is_div)

print("\nPer-op VAL accuracies:")
evaluate_subset("Val add (+)", val_add)
evaluate subset("Val sub (-)", val sub)

25338829
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evaluate_subset("Val mul (*)", val_mul)
evaluate subset("Val div (/)", val div)

val_acc = evaluate_math_accuracy(val_lines)

print(f"Val math accuracy: {val_acc:.3f}")
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boolean_gpt.py

import torch
import torch.nn as nn
from torch.nn import functional as F

batch_size
block_size
max_iters =
eval interval
learning_rate
device = 'cuda' if torch.cuda.is_available() else 'mps'
eval_iters =
n_embd =
n_head =
n_layer
dropout

torch.manual_seed(

torch.manual_seed(

with
open('/Users/saieeshwar/Projects/College/MachineLearning/finalAssignment_GPT/bool all new.
txt',

'r', encoding="utf-8') as f:
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lines = [1n.strip() for 1n in f.readlines() if ln.strip()]

full text = "\n".join(lines)

chars = sorted(list(set(full_text)))

vocab_size = len(chars)

stoi = {ch: i for i, ch in enumerate(chars)}
itos {i: ch for i, ch in enumerate(chars)}
encode = lambda s: [stoi[c] for c in s]

decode = lambda 1: ''.join([itos[i] for i in 1])

n_lines = int( * len(lines))
train_lines = lines[:n_lines]
val lines = lines[n_lines:]

train_text "\n".join(train_lines)
val text "\n".join(val _lines)

train_data = torch.tensor(encode(train_text), dtype=torch.long)
val_data torch.tensor(encode(val_text), dtype=torch.long)

def get batch(split):

data = train_data if split == 'train' else val_data

ix = torch.randint(len(data) - block size, (batch_size,))
x = torch.stack([data[i:i+block_size] for i in ix])

y = torch.stack([data[i+1:i+block_size+1] for i in ix])
X, y = x.to(device), y.to(device)

return x, y

@torch.no_grad()
def estimate_loss():
out = {}
model.eval()
for split in ['train', 'val']:
losses = torch.zeros(eval _iters)
for k in range(eval_iters):
X, Y = get_batch(split)
logits, loss = model(X, Y)
losses[k] = loss.item()
out[split] = losses.mean()
model.train()
return out

class Head(nn.Module):
""" one head of self-attention """
def init_ (self, head_size):
super().__init_ ()
self.key = nn.Linear(n_embd, head size, bias=False)
self.query = nn.Linear(n_embd, head_size, bias=False)
self.value = nn.Linear(n_embd, head_size, bias=False)
self.register_buffer('tril', torch.tril(torch.ones(block_size, block_size)))

self.dropout = nn.Dropout(dropout)

def forward(self, x):

B,T,C = x.shape
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= self.key(x)
= self.query(x)

g @ k.transpose(-2,-1) * k.shape[

wei.masked fill(self.tril[:T, :T] == 0, float('-inf'))
= F.softmax(wei, dim=-1)
self.dropout(wei)

v = self.value(x)
out = wei @ v
return out

class MultiHeadAttention(nn.Module):
""" multiple heads of self-attention in parallel """

def __init_ (self, num_heads, head_size):
super(). init ()
self.heads = nn.ModulelList([Head(head size) for _ in range(num_heads)])
self.proj = nn.Linear(head_size * num_heads, n_embd)
self.dropout = nn.Dropout(dropout)

forward(self, x):

out = torch.cat([h(x) for h in self.heads], dim=-1)
out = self.dropout(self.proj(out))

return out

class FeedFoward(nn.Module):
""" a simple linear layer followed by a non-linearity

nnn

def __init__ (self, n_embd):

super(). init ()

self.net = nn.Sequential(
nn.Linear(n_embd, * n_embd),
nn.ReLU(),
nn.Linear(4 * n_embd, n_embd),
nn.Dropout(dropout),

)

def forward(self, x):
return self.net(x)

class Block(nn.Module):
""" Transformer block: communication followed by computation

def init_ (self, n_embd, n_head):

super().__init_ ()

head_size = n_embd // n_head

self.sa = MultiHeadAttention(n_head, head_size)
self.ffwd = FeedFoward(n_embd)

self.1lnl = nn.LayerNorm(n_embd)

self.1ln2 = nn.LayerNorm(n_embd)

def forward(self, x):
X = X + self.sa(self.1lnl(x))
X = X + self.ffwd(self.1ln2(x))
return Xx

class GPTLanguageModel(nn.Module):

def __init_ (self):
super().__init_ ()
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self.token_embedding table = nn.Embedding(vocab_size, n_embd)

self.position_embedding table = nn.Embedding(block_size, n_embd)

self.blocks = nn.Sequential(*[Block(n_embd, n_head=n_head) for _ in
range(n_layer)])

self.1ln_f = nn.LayerNorm(n_embd)

self.1lm_head = nn.Linear(n_embd, vocab_size)

self.apply(self. init weights)

_init weights(self, module):
if isinstance(module, nn.Linear):
torch.nn.init.normal_(module.weight, mean= , std=
if module.bias is not None:
torch.nn.init.zeros_(module.bias)
elif isinstance(module, nn.Embedding):
torch.nn.init.normal_ (module.weight, mean= , std=

forward(self, idx, targets=None):
B, T = idx.shape

tok_emb = self.token_embedding table(idx)

pos_emb = self.position_embedding table(torch.arange(T, device=device))
x = tok_emb + pos_emb

x = self.blocks(x)

x = self.1ln_f(x)

logits = self.lm _head(x)

if targets is None:
loss = None
else:
B, T, C = logits.shape
logits = logits.view(B*T, C)
targets = targets.view(B*T)
loss = F.cross_entropy(logits, targets)
return logits, loss
generate(self, idx, max_new_tokens):
for _ in range(max_new_tokens):
idx_cond = idx[:, -block size:]
logits, loss = self(idx_cond)
logits = logits[:, s o]
probs = F.softmax(logits, dim=-1)

idx_next = torch.multinomial(probs, num_samples=1)

idx = torch.cat((idx, idx_next), dim=1)
return idx

model = GPTLanguageModel()
m = model.to(device)

print(sum(p.numel() for p in m.parameters())/ , 'M parameters')
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optimizer = torch.optim.AdamW(model.parameters(), lr=learning rate)

train_loss_curve =
val loss_curve = []
eval steps = []

[]

for iter in range(max_iters):

if iter % eval_interval == 0 or iter == max_iters -
losses = estimate_loss()
train_loss = losses['train'].item()
val _loss = losses['val'].item()
train_loss_curve.append(train_loss)
val loss_curve.append(val_loss)
eval steps.append(iter)
print(f"step {iter}: train loss {train_loss:.4f}, val loss {val loss:.4f}")

xb, yb = get_batch('train")

logits, loss = model(xb, yb)
optimizer.zero_grad(set_to_none=True)
loss.backward()

optimizer.step()

logits, loss = model(xb, yb)
optimizer.zero_grad(set_to_none=True)
loss.backward()

optimizer.step()

MODEL_PATH = "model_weights_part2.pth"
torch.save(model.state_dict(), MODEL_PATH)

def filter_lines_by predicate(lines, predicate):
return [1n for 1ln in lines if predicate(ln)]

def evaluate subset(name, lines_subset, max_samples=None):
acc = evaluate boolean_accuracy(lines_subset, max_samples=max_samples)
print(f"{name}: n={len(lines_subset)}, accuracy={acc:.3f}")

def is_and _or_only(line: str) -> bool:
s = line.upper()
return ("AND" in s or "OR" in s) and \
("NOT" not in s) and ("XOR" not in s) and \
("(" not in s and ")" not in s)

def has_not(line: str) -> bool:
return "NOT" in line.upper()

def has_parentheses(line: str) -> bool:
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s = line
return "(" in s and ")" in s

def has_xor(line: str) -> bool:
return "XOR" in line.upper()

def is_nand_nor_only(line: str) -> bool:
s = line.upper()
return ("NAND" in s or "NOR" in s) and \
("NOT" not in s) and ("XOR" not in s) and \
("(" not in s and ")" not in s)

def has _nand(line: str) -> bool:
return "NAND" in line.upper()

def has_nor(line: str) -> bool:
return "NOR" in line.upper()

print()

print("Eval steps:", eval_steps)
print("Train CE losses:", train_loss_curve)
print(“Val CE losses:", val loss_curve)
print()

context = torch.zeros((1, 1), dtype=torch.long, device=device)
print(decode(m.generate(context, max_new_tokens=500)[0].tolist()))

@torch.no_grad()

def predict bool(lhs: str, max_new_tokens: int = 5) -> str:
lhs: expression prefix including ' = ', e.g. 'True AND False = '
returns: 'True' or 'False' as predicted by the model (string), or

if unclear

model.eval()
idx = torch.tensor([encode(lhs)], dtype=torch.long, device=device)
for _ in range(max_new_tokens):
idx_cond = idx[:, -block _size:]
logits, _ = model(idx_cond)
logits = logits|[:, , o]
probs = torch.softmax(logits, dim=-1)
idx_next = torch.multinomial(probs, num_samples=1)
idx = torch.cat((idx, idx_next), dim=1)
full = decode(idx[@].tolist())

if " =" in full:
ans_part = full.split(" = ", 1)[1]
elif "=" in full:
ans_part = full.split("=", 1)[1]
else:
ans_part = full
ans_part = ans_part.strip()
if ans_part.startswith("True"):
return "True"
if ans_part.startswith("False"):
return "False"
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nn

return

def evaluate_boolean_accuracy(lines, max_samples: int = None) -> float:
total =
correct =
for line in lines:
line = line.strip()
if not line or "="
continue
expr, truth = line.split("=", 1)
lhs = expr.strip() + " = "
truth = truth.strip()
pred = predict _bool(1lhs)
if pred == "":
continue
total +=
if pred == truth:
correct +=
if max_samples is not None and total >= max_samples:
break
return if total == else correct / total

not in line:

val and or _only = filter_ lines by predicate(val lines, is_and_or_only)

val with not = filter_lines by predicate(val lines, has_not)

val with _paren = filter_lines_by predicate(val_lines, has_parentheses)
val_with_xor = filter_lines_by predicate(val_lines, has_xor)

val nand_nor_only = filter_lines_by predicate(val_lines, is_nand_nor_only)
val with nand = filter_lines by predicate(val lines, has_nand)

val with nor = filter_lines by predicate(val_lines, has_nor)

print("\nPer-class VAL accuracies:")

evaluate subset("Val AND/OR only", val and or_only)
evaluate subset("Val with NOT", val with _not)
evaluate_subset("Val with parentheses", val with_paren)
evaluate_subset("Val with XOR", val_with_xor)
evaluate_subset("Val NAND/NOR only", val_nand_nor_only)
evaluate subset("Val with NAND", val with nand)
evaluate subset("Val with NOR", val with_nor)

accuracy = evaluate_boolean_accuracy(val lines)
print(f"Boolean accuracy: {accuracy:.3f}")
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